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ABSTRACT
We show that a-gauge, a class of covariant gauges developed for bosonic open
string field theory, is consistently applied to the closed string field theory. A
covariantly gauge-fixed action of massless fields can be systematically derived
from a-gauge-fixed action of string field theory.
1 Introduction and summary
String field theory is a natural framework for the non-perturbative formulation of string
theory. Indeed recent discovery of various classical solutions of string field equations, such
as tachyon vacuum and various kinds of deformed vacua, has been revealing the fruitful
structure of the open string field landscape [1, 2, 3, 4, 5, 6, 7].1 Nevertheless it is fair to say
that the connection between string field theory and ordinary field theories has not been fully
clarified yet. For example, since the interaction in open string field theory is cubic and non-
local, it is not clear how non-perturbative properties of the low-lying component fields deviate
from those of the ordinary field theories beyond low-energy perturbative correspondence. In
order to make such problem clearer, it is an important subject to develop the covariant
formulation of string field theory in a parallel way with ordinary field theory as much as
possible.
As one of the useful tools for such a study, the present authors [18, 19] developed ‘a-
gauge,’ a one-parameter family of covariant gauges in the bosonic open string field theory,
which naturally reduces to the corresponding covariant gauges in ordinary gauge theory
including the Landau gauge as well as the Feynman gauge for the massless gauge mode.
Since the operator Oa used for defining the a-gauge commutes with the Virasoro operator
L0, this type of gauge condition does not mix the level of string modes. Thus a-gauge is also
useful for the numerical study of string field theory by the level truncation method [20, 21]
as an alternative to the Siegel gauge.
In the present paper, we will extend our construction of a-gauge to the bosonic closed
string field theory, which is expected to be convenient for studying the gravity and associated
fields as a covariant gauge field theory derived from the closed string field theory. Besides
massless modes, gauge fixing procedure itself and consistent truncation method of degrees
of freedom are important for studying closed string field theory, since the theory is more
complicated than open string case and its landscape is less known.
We, however, only deal with the quadratic term of the theory in the present paper,
because it has the similar form as for the open string field theory unlike the complicated
interaction terms. For the full theory it is non-trivial to see whether the same gauge condition
works as well. Even in the open string field theory case we know that the Gribov-like
phenomenon could emerge in the level truncation study which is particularly apparent in
1As for the superstring, there has been a lot of trials toward its gauge-fixing e.g. [8, 9, 10, 11, 12, 13, 14,
15, 16, 17] and the references therein.
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Siegel gauge [20]. Therefor we postpone the full-theory argument in the future work.
Fortunately, the BRST operator Q has the structure parallel to the case of open string
field theory on the restricted Hilbert space H′c (see the subsequent section for its definition)
for closed strings on which the string field theory is defined consistently [22, 23]. Thus, if we
can find the appropriate SU(1,1) structure on H′c which was crucial in the previous study of
open strings, the construction of a-gauge should be straightforward.
In fact, we show that we can identify the SU(1,1) algebra on H′c from which we define
a-gauge and construct the corresponding BRST invariant gauge fixed action. By extracting
the massless modes part from the a-gauge fixed action, we see that a one-parameter family
of covariantly gauge-fixed action for the weak graviton field hµν with dilaton φ and for the
anti-symmetric tensor field Bµν are automatically obtained. The gauge-fixed action for hµν
with φ constitutes of gauge invariant terms, gauge-fixing term (a generalized de Donder
gauge), and the (anti-)ghost terms given in (42), plus auxiliary fields terms (43) which are
decoupled from the other terms if we only consider the quadratic part of the action. The
action for Bµν has the similar structure as given in (45) and (46), except that in this case
there also appear the second (anti-)ghost fields which is necessary to fix the gauge invariance
of the first (anti-)ghost term. Note that the resulting massless part of the gauge invariant or
gauge-fixed action can be applied in the spacetime of any dimension D although the original
string field theory action is consistent only for D = 26.
2 Structure of the BRST cohomology
We first review the properties of Hilbert space of closed string field theory based on ref.[23,
24]. To construct the consistent Hilbert space for closed string field theory, we provide the
direct product of two sets of open string state space as
Hc = H⊗ H¯ (1)
and restrict Hc to the space H′c of states |fc〉 ∈ Hc which satisfy the conditions
(b0 − b¯0)|fc〉 = 0, (L0 − L¯0)|fc〉 = 0. (2)
Here, each state in H consists of αµ−l (l ≥ 1), c−m (m ≥ −1), and b−n (n ≥ 2) operated on
the state |0, p〉 = (eipµxµ|0〉m)⊗ (|0〉g). The states |0〉m and |0〉g denote the matter and the
ghost ground states respectively. The space H¯ consists of matter and ghost fields with bars
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(α¯µ−l, c¯−m and b¯−n) and has the same structure as H. Also, L0 and L¯0 are given by
L0 =
α′
4
p2 +N − 1, L¯0 = α
′
4
p2 + N¯ − 1

αµ0 =
√
α′
2
pµ

 (3)
where N (or N¯) is the level of a state in H (or in H¯) as usual.
Non-degenerate inner product in the restricted space H′c is given by
〈|f〉, |g〉〉 ≡ i
〈
bpz(f)|c−0 g
〉
(4)
with c±0 ≡ 12(c0 ± c¯0) and the relation
〈0, p|c−1c¯−1c+0 c−0 c1c¯1|0, p′〉 = −
i
2
(2π)Dδ(D)(p− p′) (5)
with D = 26. Here, 〈bpz(f)| ≡ bpz(|f〉) denotes the BPZ conjugate of |f〉 and is re-
lated to the Hermitian conjugate 〈f | by bpz(|f〉)= ǫf 〈f | with ǫf = ±1 (See the Appendix
C of [18].) The i factor in the right-hand side of eq.(5) is necessary because the Hermi-
tian conjugate of the left-hand side coincides with minus of itself: 〈0|c−1c¯−1c+0 c−0 c1c¯1|0〉∗ =
−〈0|c−1c¯−1c+0 c−0 c1c¯1|0〉. From the conditions given by eqs.(2), the space H′c is divided into
two parts which are determined by whether c˜0 ≡ c0 + c¯0(= 2c+0 ) is present or not, i.e. ,
H′c = F˜c + c˜0F˜c (6)
where F˜c is the set of states of the form
|f〉 = |fL〉 ⊗ |fR〉 ∈ b0c0H⊗ b¯0c¯0H¯, N |f〉 = N¯ |f〉. (7)
In order to define the a-gauge, we divide the BRST operator Q by the ghost zero modes
as in the case of open string field theory [18]
Q = (Q˜+ b0M + c0L0) + (
˜¯Q + b¯0M¯ + c¯0L¯0). (8)
Here, M and Q˜ (and the corresponding operators with bars) are independent of ghost zero
modes and explicitly given by
M = −2
∞∑
n=1
nc−ncn, Q˜ =
∑
n 6=0
c−nL
(m)
n −
1
2
∑
mn 6= 0
m + n 6= 0
(m− n) : c−mc−nbn+m : . (9)
In the restricted state space H′c, Q is further contracted to
Q = Q˜+ + c˜0L0 + b0M (on H′c) (10)
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where we have used the notations Q˜+ ≡ Q˜+ ˜¯Q andM≡ M + M¯ . In the right-hand side of
eq.(10), b0 and L0 can be replaced by b¯0 and L¯0 respectively. Note that the relation
(Q˜+)2 = −L0M (= −L¯0M) (11)
holds on H′c. Furthermore, in the space F˜c (or in c˜0F˜c), operators
M = −
∞∑
n=1
2n(c−ncn + c¯−nc¯n), (12)
M− ≡ −
∞∑
n=1
1
2n
(b−nbn + b¯−nb¯n) (13)
and
Mz ≡
∞∑
n=1
1
2
(c−nbn − b−ncn + c¯−nb¯n − b¯−nc¯n)
(
=
1
2
Gˆ
)
(14)
constitute the SU(1,1) algebra specified by
[M,M−] = 2Mz, [Mz,M] =M, [Mz,M−] = −M−. (15)
The operator Gˆ counts the ghost number of the non-zero mode part and the relation to the
total ghost number operator G (with G|0〉 = 0) is given by G = Gˆ+ c0b0 + c¯0b¯0. We divide
the space Fc by Gˆ as
Fc =
∞⊕
n=−∞
F Gˆ=nc . (16)
Every state in Fc is decomposed into finite-dimensional irreducible representations of SU(1,1)
characterized by a spin s which is an integer or a half-integer. A spin s representation consists
of 2s+ 1 states each of which belongs to Fnc with n = −2s,−2s+ 2, · · · , 2s. Thus, as in the
open string case, all the states in Fnc belong to either of the spin s = |n|2 + i (i ∈ Z, i ≥ 0)
representation, and there is an isomorphism between two spaces Fnc and F−nc (n > 0). This
is described by using the operator Wn which is defined to be ‘inverse’ of Mn as
MnWnFnc = Fnc , WnMnF−nc = F−nc . (17)
For a state |fn〉s ∈ Fnc with a definite spin s (≥ n/2), the operation of Wn is nothing but
(M−)n times a constant factor depending on s, i.e., Wn|fn〉s ∝ (M−)n|fn〉s. For a general
state which might be a sum of the states with different spins, Wn is represented by usingM
and M− as
Wn =
∞∑
i=0
(−1)i (n+ i− 1)!
[(n+ i)!]2 i! (n− 1)! (M
−)n+iMi. (18)
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From the above discussion, we see that the BRST cohomology on the restricted state
space H′c has exactly the same property as for the open string field theory in that for both
cases the BRST operator Q and the state space can be divided with respect to two ghost
zero modes: b0 (or b¯0) and c˜0 for the closed string theory whereas b0 and c0 for the open
string theory. With this property, we can construct a-gauge for the closed string field theory
in a way parallel to the open string field theory case [18].
3 The a-gauge and the gauge fixed action
The consistent gauge invariant action (quadratic part) for closed string theory is given by
S =
1
2
〈Φ2, QΦ2〉 (19)
if we restrict the string field Φ2 ∈ H′c and use the inner product defined by eq.(4). More
precisely, Φ2 is expanded by the ghost number G = 2 states as
Φ2 =
∫
dDp
(2π)D
∑
i
|f i〉φf i(p), |f i〉 ∈ H′c(p). (20)
The Grassmann parity of a field φf i(p) is determined to be the same as that of |f i〉 so that
Φ2 becomes Grassmann even. In order that the action S is hermitian and has the correct
sign factor, we should assign the appropriate hermiticity for each field φf i(p): For a state
|f i〉 which has the property bpz(|f〉)= ǫf 〈f |, the corresponding field φf(p) should have the
property (φf(−p))∗ = −ǫfφf(p).
The action eq.(19) is invariant under the gauge transformation
δΦ2 = QΛ1 (21)
for any G = 1 Grassmann odd string field Λ1. This gauge invariance is precisely fixed if we
impose the condition
1
1− a(b0 + a b0c˜0W1Q˜
+)Φ2 = 0 (22)
with any value of the parameter a (including a =∞) except a = 1 at which the combination
of operators appeared in the above equation becomes gauge invariant and it does not give a
gauge fixing condition. The validity of this condition as a gauge fixing condition is proved
similarly as in the case of open string field theory [18] since H′c has the structure parallel to
the open string state space as we saw in the previous section. In particular, for a = 0, it
reduces to the well-known Siegel gauge condition.
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We construct the gauge fixed action corresponding to the above condition for general a
by the similar scheme used for the open string field theory case [18]. We first provide the
extended action by including the string fields with all the ghost numbers as
S˜ =
1
2
∞∑
n=−∞
〈Φn, QΦ−n+4〉 (23)
which is invariant under the extended gauge transformation
δΦn = QΛn−1. (24)
This extended gauge transformation is appropriately fixed by imposing the condition
bpz
(
O〈6−n〉a
)
Φn = 0 (25)
where O〈n〉a is given by
O〈n+2〉a =
1
1− a(1 + a Q˜
+Mn−2Wn−1c˜0)b0 (n ≥ 2) (26)
and
O〈−n+5〉|a|<∞ = (1 + aWn−1Mn−2Q˜+c˜0)b0 (n ≥ 2), (27)
O〈−n+5〉a=∞ = (1− P−n+2)b0 − aWn−1Mn−2Q˜+c˜0b0 (n ≥ 2). (28)
In the above equations, P−n (n ≥ 0) is the projection operator
P−n = 1
L0
Q˜+Wn+1Q˜+Mn (29)
on the space F˜ Gˆ=−nc (n ≥ 0). We chose the form of O〈−n+5〉|a|<∞ (n ≥ 2) in eq.(27) as given in
ref.[18] rather than the form used in ref.[19]. This is to avoid unnecessary non-local field
redefinitions when rewriting the gauge-fixed action in a simpler form. The gauge fixed action
corresponding to the condition (25) is then given by
SaGF =
1
2
∞∑
n=−∞
〈Φn, QΦ−n+4〉 −
∞∑
n=−∞
〈
O〈−n+6〉a B−n+6,Φn
〉
(30)
where Bn are the G = n Grassmann even string fields which satisfy Bn = c˜0b0Bn. Note
that each of the string fields Φn and Bn is expanded by string states with G = n as in
eq.(20). The hermiticity of a field φf(p) in Φn is determined in the same way as for Φ2: For
a field φf(p) associated with a state |f〉, we assign (φf(−p))∗ = −ǫfφf (p) if bpz(|f〉)= ǫf 〈f |.
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On the other hand, for a field βf(p) in Bn which is associated with a state |f〉, we assign
(βf(−p))∗ = +ǫfβf(p) when bpz(|f〉)= ǫf 〈f |.
As in the open string case [18, 19], the gauge fixed action SaGF is invariant under the
BRST transformations given by
δBΦn = ηO〈n+1〉a Bn+1 (n > 2), δBΦn = ηQΦn−1 (n ≤ 2), δBBn = 0 (31)
with a Grassmann odd parameter η.
Some comments on the validity of the above gauge fixing are in order. Firstly, any string
field Φ =
∑
nΦn with extended ghost number can be uniquely transformed to satisfy the
gauge condition (25) by the gauge transformation (24) provided L0 6= 0, and there is no
residual gauge degrees of freedom remained. Secondly, all extra fields other than physical
degrees of freedom contained in Φ2 are either directly killed by the gauge condition (25) or
become a member of the BRST quartets for the BRST transformation (31). This structure
is common for all the value of a including Siegel gauge (a = 0).
4 Example: level one part of the action
We will explicitly see the level N = 1 massless part of the action. We first consider the gauge
invariant action (19). The N = 1 part of the string field ΦN=12 with G = 2 is expressed as
the sum of the two parts as
ΦN=12 = Φ
N=1
2,+ + Φ
N=1
2,− (32)
where
ΦN=12,+ =
∫
dDp
(2π)D
[
1√
α′
αµ−1α¯
ν
−1|p; ↓↓〉hµν(p) +
1√
α′
(b−1c¯−1 − c−1b¯−1)|p; ↓↓〉φ+(p)
+
i
2
c˜+0 (α
µ
−1b¯−1 + b−1α¯
µ
−1)|p; ↓↓〉ω+µ (p)
]
(33)
and
ΦN=12,− =
∫
dDp
(2π)D
[
1√
α′
αµ−1α¯
ν
−1|p; ↓↓〉Bµν(p) +
1√
α′
(b−1c¯−1 + c−1b¯−1)|p; ↓↓〉φ−(p)
+
i
2
c˜+0 (α
µ
−1b¯−1 − b−1α¯µ−1)|p; ↓↓〉ω−µ (p)
]
. (34)
In the above equations, hµν = hνµ, Bµν = −Bνµ and |p; ↓↓〉 = c1c¯1|p; 0〉. We have divided
the string fields ΦN=12 into “+” and “−”-parts as above in order that the gauge invariant
action as well as the gauge transformation are divided into two independent parts. In fact,
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the action (19) for ΦN=1+ and Φ
N=2
− parts are decoupled from each other and can be written
as
SN=1 =
1
2
〈ΦN=12,+ , QΦN=12,+ 〉+
1
2
〈ΦN=12,− , QΦN=12,− 〉
(
≡ S+N=1 + S−N=1
)
(35)
and, as we will see, each action S+N=1 or S
−
N=1 is invariant under independent gauge trans-
formation.
The “+”-part of the gauge invariant action S+N=1 is explicitly given in the position space
representation by
S+N=1 =
1
2
∫
dDx eipx〈ΦN=12,+ , QΦN=12,+ 〉
=
1
2
∫
dDx
[[√
−g′R′
]∣∣∣∣∣
2
− 1
D − 2∂µφ
′
+∂
µφ′+ − ω′+µ ω′+µ
]
(36)
where we have defined
φ′+ = φ+ +
1
2
hµ
µ, h′µν = hµν −
1
D − 2ηµνφ+, ω
′+
µ = ω
+
µ +
1√
2
∂ν(hµν + ηµνφ+) (37)
from the original fields given in eq.(33). In eq.(36), [
√−g′R′]
∣∣∣
2
is the Einstein action term
with metric g′µν ∼ ηµν + h′µν expanded up to the quadratic order with respect to h′. The
gauge transformation eq.(21) for S+N=1 is reduced to
δh′µν = 2∂(µλ
+
ν). (38)
Note that ω′+µ and φ
′
+ are gauge invariant. On the other hand, the “−”-part of the action
S−N=1 is given by
S−N=1 =
1
2
∫
dDx eipx〈ΦN=1− , QΦN=1− 〉
=
∫
dDx
[
− 1
24
HµνρH
µνρ − 1
2
ω′−µ ω
′−µ
]
(39)
where
Hµνρ = 3∂[µBνρ], ω
′−
µ = ω
−
µ +
1√
2
(∂νBµν + ∂µφ−). (40)
In this case, the gauge transformation is given by
δBµν = 2∂[µλ
−
ν]. (41)
Note that Hµνρ and ω
′−
µ are the gauge invariant combinations and the scalar field φ− only
appears in the action eq.(39) via ω′−µ .
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Next, we consider the gauge fixed action SaGF,N=1, which can be read from eq.(30) by
expanding the N = 1 string fields ΦN=1n with respect to the component fields. For this level
N = 1, non-trivial string fields are given by Φn for 0 ≤ n ≤ 5 and Bn for 1 ≤ n ≤ 5. As for
the string field Φ2 in eq.(32), we can divide all these non-trivial string fields into two parts
as ΦN=1n = Φ
N=1
n,+ +Φ
N=1
n,− and Bn = BN=1n,+ +BN=1n,− so that the “+” and the “−”- parts of the
fields only contribute to the gauge fixed actions for SN=12,+ and S
N=1
2,− , respectively.
The resulting action for the “+”-part is given by
SaGF,N=1,+ =
∫
dDx
[
1
2
[√
−g′R′
]∣∣∣∣∣
2
− 1
2(D − 2)∂µφ
′
+∂
µφ′+ +
(
∂νh′µν −
1
2
∂µh
′ν
ν
)
β+µ
+
1
(1− a)2β
+
µ β
+µ +
i
2
∂ν γ¯
′+
µ ∂
νγ′+µ
]
(42)
+
∫
dDx
[
−1
2
ω′′+µ ω
′′+µ − iω¯o(µν)βo(µν) − iω¯o+βo+ −
1
2
g¯+µ β
+µ
g
]
. (43)
The first part (42) is nothing but a generalization of the de Donder (or harmonic) gauge
action of the graviton.2 Here, the vector field β+µ which belongs to B4,+ is the auxiliary field
for h′µν and is corresponding to the Nakanishi-Lautrup field for the vector gauge theory. By
using this β+µ , we have defined
ω′′+µ = ω
′+
µ +
√
2
1− aβ
+
µ . (44)
The Grassmann odd fields γ′+µ and γ¯
′+
µ , which respectively belong to b0c˜0Φ1,+ and b0c˜0Φ3,+,
are the ghost and the anti-ghost fields for the gauge invariance of h′µν . The other fields are
from c˜0b0Φn,+ and B6−n,+ with n = 3, 4. The fields in c˜0b0Φ3,+ and B3,+ are collected as the
Grassmann odd symmetric tensor fields ω¯o(µν) and β
o
(µν), and the Grassmann odd scalar fields
ω¯o and βo after suitable field redefinition. For n = 4, there are two Grassmann even vector
fields: g¯+µ from c˜0b0Φ4,+ and β
+µ
g from B2,+. In the action SaGF,N=1,+, the first two lines (42)
form the minimal gauge fixed action for the original gauge invariant action eq.(36). On the
other hand, the terms in the third line (43) only contain auxiliary fields and they decouple
from the main part (42).
2
a = 0 corresponds to what is called de Donder gauge in many literatures, although the de Donder’s
gauge condition was originally a classical notion defined as a gravitational counterpart of Lorentz gauge
condition in the classical electromagnetism.
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The “−”-part of the gauge fixed action is given by3
SaGF,N=1,− =
∫
dDx
[
− 1
24
HµνρH
µνρ − (∂µB[µν] − ∂νφ−)βν− +
1
(1− a)2β
−
µ β
−µ
+i∂[µγ¯
−
ν]∂
[µγ−ν] − i
2
βo−∂µγ¯
−µ − i
2
β¯o−∂µγ
−µ +
i
1− aβ¯
o−βo−
−1
2
∂µf¯∂
µf
]
(45)
+
∫
dDx
[
−1
2
ω′′−µ ω
′′−µ − iω¯o[µν]βo[µν] − iω¯o−ωo− −
1
2
g¯−µ β
−µ
g + iθ¯βθ
]
. (46)
In this equation, the fields B[µν], φ
− and ω′−µ from Φ2,− with the field β
−
µ from B4,− are
collected in the first three terms of (45) and the first term of (46). As for the “+”-part
action, the field β−µ corresponds to the Nakanishi-Lautrup field and we have defined ω
′′−
µ as
ω′′−µ = ω
′−
µ +
√
2
1− aβ
−
µ . (47)
We also have the Grassmann odd ghost and the anti-ghost fields γ′−µ and γ¯
′−
µ which are
from b0c˜0Φ1,− and b0c˜0Φ3,− respectively. In order to fix the gauge invariance of the term
∂[µγ¯
−
ν]∂
[µγ−ν], we have the Grassmann odd fields βo− from B3,− and β¯o− from B5,−, and the
Grassmann even scalar fields f from b0c˜0Φ0,− and f¯ from b0c˜0Φ5,−. The other fields appearing
only in (46) are auxiliary fields from Bn,− for n = 1, 2, 3 and c˜0b0Φn,− for n = 1, 3, 4, 5.
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